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NATIONAL ADVISORY COMMITTEE ¥OR AERONAUTICS .
TECHNICAL NOTE NO, 827

ANALYTICAL DETERMINATION OF CONTROL SYSTENM

PULLEY-AXIS ANGLES

"By I, H. Driggs T Ll

The ildeas developed in this paper are presented as a
means of saving the designer'!s time and as a method of re-
duction of control-system friction by an accurate calcula-
tion of pullegy-axis angles without the errors and difficult
checking incident to any graphical methdd,

The growlng realization of the necessity for greater
care and refinement in the design of control systems is
justification for the more accurate analytical methods
given, Saving in layout and checking time is alse of im-
portance, although probably secondary to the greator re-
finomont obtainable by the use of a calculating machine
even ln the hands of lnexperienced personnel, It is sug-
gested that the formulas glven here are worthy of careful
trial by any engineering department that is not already
using an equivalent method of design.

Two mathematical laws are omployed in the derivation
of the formulas for pulley-axis angles to give-.correct
alinement with control cabloes and therefore avoid binding,
and to rcduce friction. These laws are:

ls Any two intoersocting straight lines detormine a
single planc,

The first partial diffcorentials of the equation
of a surface are proportional to the direc~
tion cosines of the normal to that surface
at any point chosen for investigatlion,

Ze

Since any pulley, to operate properly, must have its
center plane coincident with the plane containing the
cables leocading around i%, the location and angles of the
pulley axis, with reference to the coordinato planes, ars
the values required to properly construct and locate a
pulley brackset, The cguation of the plane of the two
cables {and of tho pulley) is first dotermined and then
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the direction cosines of the pulley axis found from the
first partial derivatives of this plane, To express math-
ematica;ly:

f(x,y,2) = Ax + By + Cz = O

This is the form for the egquation of & plane surface
pasging through three points, one of thom the origin of
coordinatos,

-a-i.':A’ QE-:B' Q_f._._-_-c
ox oy oz

Tho valuos A; B, and ¢ are proportional to theo direc-
tion cosines; L, M, and ¥ of tho normal to tho planoc,
f(x,y,z).

Then. .
L= 4 9 M'-: B ] ﬂ—"—' c
v 4% 4 8% 4+ 6 VA% 4 % 4 of /A% L% LGP

If the coordinates of oach end of two intersecting
lines (or cables) are: P, (x;, ¥, 2z,) and Pz (o, o, 0)

and Py (%, ¥o, %p), respectively, then the equation con-

taining these throee points and the two straight lines or
cables is (fig., 1):

2(y, %g = ¥g %,) + ¥(2, ¥5 = Xy %5) + 2(Xy ¥p - ¥y Xa) = 0
Then
A=y, 25.- Va2 23
B =2, Xg~- X, %Zp
0 =X, ¥5 -~ Ty Rg
It 1s to be noted that this equation is true only if
one of the threse pointes used to determine the plane 1la
taken as the origin and the coordinatos of the other two

points measured: therefrom, (Sco fig. 1,) Positiveo direc-
tions and angles are also defined in this skeotch,
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It should be notcd that the points P,, Py, Pz must
lie on the cables, that is, in figure 1l,- P, is the in-
tersection of the lines P, - P; and P, - Pz, This point

is not the center of the pulley., The sketch (fig. 2) illus-
trates this point,. :

'Some confusion regarding the signs of the anglos 6,
¥, and § may be avoided if the dircction cosines I, H,
and X are comsidorod %o bg tho.coordinatos Xns ¥n» and
Zy of a point on the normal to tho pulloy plane unit dis- =~
tance from tho origin, The proper angle of this normal '
may be laid out on the drawing board by choosing any con-
venient length - say, 10 inches - as the unit distance and
laying out the coordinatss of the point x4, yp, 2nd =5y,

Since

x, = 10L
v, = 10H
Zz, = L1ON

IT it is desired to compute the angles for purposes
of greater accuracy, the above graphical method suggests
the following:

tan 8 = &
I

tap ¥ = I
il

tan ¢ = 2o
. ¥

It may be desired to find the angle between the two
cables in plane containlng them for purposes of layout of
cable guides, etc, If this angle is o, then )

X1 o + ¥y ¥p + Fy Zy

cosgd=

a4 2 2 . 2
(/2% + 722 + 2°) (5° + ¥o© + %0)

The coordinatos of the center of the pulloy may also de
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determined by similar analytic means but no simple expres-
gsion can be readily found, since the values of Xg» Yg. and

Zg, (the coordinates of the pulley center) depend upon the

solution of three simultaneous equations. It is belleved
that sufflcient accuracy can bs obtained if a combination
graphical and analytical solution is emPloyed.

A layout is made to scale similar to figure 3, in which
the two cablss intersecting at tho center of coordinates
arc shewn in all threce viows. 3Biscctors of the angles bo-
tweon the catles aro then drawn in each view by the usual
" graphical construction, We know that these three bisectors
must contaln the center of the pulley axis, wilech must like-~
wise be eguidistant from the two cableos, The above golu-
tion for the true included angle, «, betwoeon the cablos
allow a solution to bec reachod oither graphically or an-
alytically for tho itrvue distances from the axis of coordi-
netes (intersection of cables),

Analytically
d = R __ R = radius of-pulley to cable
sin % center line

If the direction cosines of the bisector as 1laid out
above are determined, then the coordinates Xas Ygs and zyh
can be calculated., The dircction cosines of this Dbiscctor
are found by choosling any point, such as Py (fig. 3), on
the line and projocting through the throe viows, If tho co-
ordirnatecs of this point are xy, ¥y, &nd zy, then

L = *b .

° ﬁxbg + ¥y o+ By )

My = >

° J (5 & gyt 4 ozpt)

¥, = 3y _
o 7y + zp)

Then.
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Xq = d L'b

Yo = & My

Zg = 4 Ny
Bxample

Figure 3 1s a line sketch that might be made up giv-
ing the locations of three points through which cables
mugt pass for a given airplane installation for wuse in
finding the pulley-axis angles,

Caoose the center point, P,, as the origin,
(Note: Any one of the three points might have beon taken
but it is somowhat clearer to placo the origin at the point
of intersection of the two cables where the pulley is to
be located.)

xX; = 40 in, Xg = 20 in,

Ty, = 25 in, ¥, = -8 in,

z, = 10 in, Z, = 40 in,
A=y, 2853 - ¥y %, = 25 X 40 + 8 X 10 = 1080
B =135 x5 - x4 Zg = 10 X 20 + 40 X 40 = 1800

6 =x; ¥y - ¥, x5 =40X 8 - 256 X 20 = ~180

Then

C .
J 4% s 2% 4 0% = 2104
The equatlion of the plane containing the two cables

of figure 3 is thon 1080x + 1800y -~ 180z = 0 or
6x + 10y - z = O,

)
o
[s9)
O

L = 5—1—6—; = 00,5138 Xn = 5.138 in,
Moo= 1889 = 8560 Yo = 8456 in,
o= 89 - . osss %, = =-.856 in,
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i
it

0,600, tan ¢
31° ¢

tan 8 = ~0,16867, tan V¥ -~10,00

8 = -g° 30! i 95° 40!

X, ¥g + ¥y V2 + %y 53

cos O = : .
( v/vrxla + Y12 +'512) (J[;aa + yEa + Zae)
o | .40 X 20 - 25 X 8 + 10 x 4
-] . . a8 a ; 2 2 a
(N/}~4o)' + (25) 4+ 10 ) (N/éo + (~8) + (40)
- -500
48,2 X 45,5
—"OO L
cos O = -é—%-é—o- = 0,274

a = 105°% 50! +
Lot
R = 1,50 in, - radius of pulleoy to cadvblo contor

Thon - ST T T : A Eo LS . . =

)

d 1-5 = 225 _ = 1,886 in, ) _ B
sin 52° 40! 00,7951 .

The bigoctors of the angles betwecon tho cablos are
drawn and tho point, P,, 1is choscn at random, Tho co-

ordinates of this point are scaled as:

yb = 13;75
Zp = 25,00
~11.6
= =x1.6 - _o,375
v = 35755 .

My = 22478 = 00,4245
30,95
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2540

L = 0,808
30,95

N'b=

Zp = =1.886 X 0,375 = -0,7075
¥, = 1.886 X 0.4245 = 0,801

z, = 1,888 X 0,808 = 1,525

From the above example, the steps necessary for the
solution of this problem may be listed as follows:

1, Obtain a linge skotch, similar to figurc 3, giving
the locations of tho intersection point of the
two cablos for which a pulley bracket is to be
designed and ono other point on each cabls,
This skotch should bo fully dimensioned to ap~

“ proximatc scalo from any convenient plancs, as
shown in figuro 3,

v 2¢ Chooso tho origin at tho intersection of the two
cables, Pz, 1in figure 3, and then determine

and tabulate xy, ¥14 Z; and X,, ¥, Zz with
due regard to signs,

3 GCalculate A, B, and 0 ast

A Y1 Zg = Y2 33

B

C =x; ¥ - ¥1 X2

4, Tind /A% 4+ 3 + ¢ and then,

L, ¥, N as:

L= 2 = 2
~ A+ 3? + G
. M = B .
J a2 4+ 3% 4 ¢
¥ = g

J A% 4 8% 4 o?
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5, Determine =x,, ¥y, and Z, from formulas

[ 4
Xy, = 10L,
Yo . = 10M
f 2y = 1QN

These dimensions are then lald out to determine axis angles
in three views as the apgles-may be computed from:

tan 8 = N/L

tan V¥ : L/M

tah @ = /N

+6s- If the angle. « Dbetwoen tho two-cadbles is desirod,
compute from: :

X xj+yl Vo +.ZlE£ ’
(v x]_.? + yl.a + Zla) (/;32 + YQB + 232)

Pind o from & table of trigomotric functions.

co8 O =

7. Bisect the anglod botwoen cables in thred viows
on scale layout, choosing any point, such as
P, (fig. 3) on this bisector,

8. Detormino the coordinatos of this point =Xy, ¥y,
and zy. . -

9« Find distance from cable intersection to pulley
axis glong this bisoctor in true viow from for-
nulsa:

R
sin %_

10, Pind dircction cosinos of tisector as

[ 3

d =

.
v oxp® + Y+ Bp°

Lb::
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Yo

Mb =

/ Xy

+ Yo o+ By

Zh

Ny =

J x

11, Find coérdinates

2 2
+ ¥p -+ Zp
of pulley center as:
= & Ly
= 4 ¥y

= d.Nb

Bureau of Aeronautics, Navy Department,
Washington, D. €., Septembor 17, 1941,
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Z +

¢ Positive directions and
angles are defined in
this figure,

True angle in plane of
< lines Pz ~ Pz and Pl — P3

Figure 1



Fig, 2

Cable_\




True view of intersaction
in plane of cables.

Figure 3
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